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Abstract
We propose the factorizable S-matrices of the massive excitations of the non-
unitary minimal model M2,11 perturbed by the operator Φ1,4. The massive
excitations and the whole set of two particle S-matrices of the theory is simply
related to the E8 unitary minimal scattering theory. The counting argument
and the Thermodynamic Bethe Ansatz (TBA) are applied to this scattering
theory in order to support this interpretation. Generalizing this result, we
describe a new family of non unitary and diagonal ADE–related scattering
theories. A further generalization suggests the magnonic TBA for a large
class of non-unitary G ⊗ G/G coset models (G = Aodd,Dn, E6,7,8) perturbed
by Φid,id,adj , described by non-diagonal S-matrices.
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1 Introduction
As pointed out by A.Zamolodchikov [1], some deformations of conformal field theo-
ries (CFT) retain an infinite number of integrals of motion even away from criticality
where the conformal invariance is broken and a finite correlation length develops.
A.Zamolodchikov gave a sufficient condition, now known as the ”counting argu-
ment” to determine if some combinations of integrals of motion of a given Lorentz
spin survive the perturbation of the CFT. If some do survive, and if the perturbed
theory is purely massive, then it can be described by a factorizable S-matrix. The
values of the spins of the integrals of motion restrict the possible bound state struc-
ture and mass ratios in the theory. The bootstrap principle then allows one to
actually conjecture a S-matrix of the theory, and give its particle content. To check
these conjectures for the S-matrices one can use the fact that the infinite-volume
thermodynamics of a massive quantum field theory (QFT) can be expressed in
terms of its S-matrix. This method when applied to a factorizable S-matrix theory,
leads to the so called Thermodynamic Bethe Ansatz (TBA) [2, 3]
In this letter we use the counting argument and the bootstrap procedure to find
the S-matrix of the M2,11 minimal model perturbed by its relevant operator Φ14.
It turns out that this S-matrix is related to that of the Ising model in a magnetic
field and can be encoded on a E8 Dynkin diagram. Applying the TBA technique,
we confirm that this S-matrix actually describes M2,11 + Φ14. The TBA turns out
to be encoded on a kind of “product” of graphs described in [12, 10], namely an E8
diagram with all nodes filled with tadpoles. At this point, the obvious generalization
is to consider the S-matrices related to TBA’s encoded on any Dynkin diagram
decorated by tadpoles. The general tool to derive these S-matrices is a powerful
identity we recently found [10] for the class of ADE S-matrices of [7]. The problem
to identify the models corresponding to the newly introduced S-matrices is solved
by applying again the TBA method. The result is that these S-matrices describe
some non-unitary minimal models of W algebras, perturbed by their field Φid,adj .
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This fact and the form of TBA (or better its encoding on pairs of graphs), suggests
a further generalization to entire series of non-unitary coset models of the kind
G ⊗ G/G.
2 Counting argument applied to the M2,11 + Φ1,4
minimal non–unitary model
It is possible to develop a method for finding the lowest values of the conserved
spins. This is based on the so called counting argument. Denote by Vˆs+1 the space
of the quasi-primary descendents of the identity operator at level s+1 i.e the factor
space
Vˆs+1 = Vs+1/∂zVs (1)
Analogously, for the family W of the primary field Φ we consider the factor space
at level s.
Wˆs+1 = Ws+1/∂zWs (2)
The mapping
∂z¯ : Vˆs+1 → gWˆs (3)
has a non vanishing kernel if
dim(Vˆs+1) > dim(Wˆs) (4)
In these circumstances there should exist fields Ts+1 ∈ Vˆs+1 and Φs−1 ∈ Wˆs−1 such
that:
∂z¯Ts+1 = g∂zΦs−1 (5)
This imply for the theory with action
A = A∗ + g
∫
Φ(x)d2x (6)
2
0 - 4
11
- 7
11
- 9
11
-10
11
-10
11
- 9
11
- 7
11
- 4
11
0
Table 1: Kac Table of the conformal dimensions ∆pq of theM2,11
model, where p grows in vertical and q in horizontal
(where A∗ is the UV fixed point action) the existence of a (local) conserved charge
with spin s
Ps =
∫
(Ts+1dz + gΦs−1dz¯) (7)
The counting argument for the M2,11 non-unitary theory perturbed by the operator
Φ = Φ1,4 (see table 1) shows the existence of a conserved current with spin s = 7
but none with spin s = 3, 5. The fusion rules of this CFT do not have any internal
symmetry. These two facts together allow the possibility to have the ”φ3” and
the ”φ21φ2 + φ
2
2φ1” property [1]. This fixes the mass ratio
m2
m1
= 1+
√
5
2
and the
spin spectrum s = 1, 7, 11, 13, 17, 19, 23, 29 mod (30). Now the experience with
the bootstrap suggest us to assume that there is another particle with mass ratio
m3
m1
= 2 cos( π
30
) with the property ”φ21φ3” and we propose for S11 the form
S11 = F 1
15
(θ)F 1
3
(θ)F 2
5
(θ)F− 1
30
(θ)F− 11
30
(θ) (8)
where
fx(θ) =
sinh 1
2
(θ + iπx)
sinh 1
2
(θ − iπx) (9)
Fx(θ) = fx(θ)fiπ−x(θ) =
tanh 1
2
(θ + iπx)
tanh 1
2
(θ − iπx) (10)
The remaining scattering amplitudes are obtained by induction, applying the boot-
strap equation1
Scd(θ) = Sad(θ + iU¯
b
ac)Sbd(θ − iU¯abc) (11)
1A simple pole of Sab at θab = iU
c
ab in the direct channel indicates that there exists a bound
state c of a and b whose mass is m2c = m
2
a +m
2
b + 2mambcos(U
c
ab)
3
E8 : r r r r r r r
r
2 6 8 7 5 3 1
4
Figure 1: E8 Dynkin diagram: the node
labelled by i corresponds to the mass mi
where U¯ cab = π − U cab. Finally the general S-matrix element Sab is given by:
Sab(θ) =
S˜ab(θ)∏
k S˜
G−1
bk
ak (θ)
(12)
where S˜ab is the S-matrix of the Ising model with magnetic field ( the theoryM3,4+
Φ1,2) and, G
−1 is the inverse of the incidence matrix of the Dynkin diagram of E8.
The exact mass spectrum is (as for M3,4 + Φ1,2):
m1 = m m2 = 2m cos
π
5
m3 = 2m cos
π
30
m4 = 2m2 cos
7π
30
m5 = 2m2 cos
2π
15
m6 = 2m2 cos
π
30
m7 = m2 cos
π
5
cos 7π
30
m8 = 4m2 cos
π
5
cos 2π
15
.
(13)
for the correspondence between the particles and the nodes in the Dynkin diagram
see fig.1.
3 TBA for the M2,11 + Φ1,4 minimal non–unitary
model
The TBA equations, as they come from the thermodynamic analysis of Bethe wave
functions, have the following form:
− νa(θ) + εa(θ) + 1
2π
∑
a
[φab ∗ log(1 + e−εb)](θ) = 0 , a = 1, 2, · · ·8 (14)
4
where νa = Rma cosh(θ) are the energies (at rapidity θ) of particles with the
E8−related mass spectrum ma, and εa(θ) are the so called pseudoenergies, cor-
responding to each species of particles in the spectrum. The kernel φab(θ) in eq.
(14), encodes the scattering data thanks to its link with the S–matrix and is given
by
φab(θ) = −i d
dθ
log Sab(θ) (15)
and the star ∗ stands for the rapidity convolution:
[φ ∗ L](θ) =
∫ +∞
−∞
φ(θ − β) L(β)dβ (16)
The pseudoenergies εa(θ) determine the Casimir energy E(R) =
πc˜(R)
6R
of the field
theory on a circle of circumference R
c˜(R) =
3
π2
∑
a
∫ +∞
−∞
νa(θ) log(1 + e
−εa(θ))dθ , c˜ = c˜(0) = c− 24∆0 (17)
where c is the central charge and ∆0 the minimal conformal dimension in the Kac-
table. Now we use the property introduced and proved in [10] for all ADE S-
matrices
S˜ab
(
θ + i
π
h
)
S˜ab
(
θ − iπ
h
)
= e−i2πΘ(θ)Gab
∏
c
S˜ac(θ)
Gbc (18)
where the term proportional to the step function
Θ(x) = lim
ǫ→0
[
1
2
+
1
π
arctan
x
ǫ
]
=


0 if x < 0
1
2
if x = 0
1 if x > 0
(19)
has to be introduced to take into account the correct prescription for the multivalued
function log S and h = 30 is the Coxeter number of E8. Eq (18), together with (12)
shows that S must satisfy the equation
Sab
(
θ + i
π
h
)
Sab
(
θ − iπ
h
)
= e−i2πΘ(θ)(Gab−δab)
∏
c
Sac(θ)
Gbc (20)
The property (20), with the relation:
∑
b
Gabmb = 2 cos
(
π
h
)
ma (21)
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implies that the solutions to eqs (14) are also particular solution of the following
functional ”Y-system”
Ya
(
θ +
iπ
h
)
Ya
(
θ − iπ
h
)
=
∏
c
(1 + Yc(θ))
Gac
(
1 +
1
Ya(θ)
)−1
(22)
where Ya(θ) = e
εa(θ). Eq (22) has the following periodicity:
Ya (θ + iπP ) = Ya(θ) , P =
h+ 3
h
=
11
10
(23)
This can be shown (along the lines of [4]) to be in relation with the conformal
dimension of the perturbing field Φ, via the formula
∆ = 1− 2
P
(24)
This allows to extract in a simple way the parameter ∆, characterizing, together
with the effective central charge c˜, the action of the theory. The scaling function
energy F (R) = RE(R)
2π
expands in a regular series in Rλ with λ = 4h
h+3
F (R) = − c˜
12
+
ǫ0R
2
2π
+
∞∑
k=0
fkR
λk (25)
where ǫ0 is the coefficient in the bulk energy term and can be calculated from S11
[7] and
c˜ =
∑
a
6
π2
L
(
1
1 + ya
)
(26)
where L(x) is the Rogers dilogarithm function [13]
L = −1
2
∫ +∞
0
dy
[
log(y)
1− y +
log(1− y)
y
]
(27)
and ya are solutions of the equations
y2a =
∏
c
(1 + yc)
Gac
(
1 +
1
ya
)−1
(28)
Using the S-matrix elements (12) we find
c˜ =
8
11
(29)
and from the equation (24)
∆ = − 9
11
(30)
i.e the correct values of the effective central charge of the theory M2,11 and the
conformal dimension of the field Φ1,4 in this theory.
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3.1 Universal form of TBA
Now we rewrite eq. (14) in an appealing form which is a generalization of the
universal form [4] of the TBA related to the ADE scattering theory. For our
purposes we use the identity (20) and take its logarithmic derivative. We find
φab
(
θ + i
π
h
)
+ φab
(
θ − iπ
h
)
=
∑
c
Gbcφac(θ)− 2πδ(θ)(Gab − δab) (31)
Performing a Fourier transform this equation (k is the momentum corresponding
to θ) becomes
2 cos
(
kπ
h
)
φ˜ab(k) =
∑
c
Gbcφ˜ac(k)− 2π(Gab − δab) (32)
that allows us to rewrite the standard TBA system in the form
νa(θ) = εa(θ) +
1
2π
[∑
b
Gabϕh ∗ (νb − log(1 + eεb)) + ϕh ∗ log(1 + e−εa)
]
(θ) (33)
where ϕh(θ) =
h
2 cosh hθ
2
is the universal kernel depending only on the Coxeter number
hE8 = 30 [4]. We recognize in this form the TBA denoted as E8 ⋄ T1 in [10]2
4 ADET-generalization
The form of eq. (12) suggests a generalization to all that cases where G is the
incidence matrix of some ADET diagram3. In the following we give a check of the
validity of this hypothesis. First of all it is necessary to generalize eq.(12) to the
cases where the incidence matrix is not invertible, then we compute the effective
central charge for all the models in this class and when c˜ corresponds to a minimal
theory we proceed to compare our results with it.
Eq.(12) can be easily transformed using (18) and (20) as
Sab
(
θ + i
π
h
)
Sab
(
θ − iπ
h
)
= S˜−1ab (θ)S˜ab
(
θ + i
π
h
)
S˜ab
(
θ − iπ
h
)
e−2πδabΘ(θ) (34)
2Along the lines of [10] we denote the ”tadpole” diagram A2n/Z2 as Tn, and we refer to that
paper for a detailed explanation of the symbol G ⋄H .
3In the following we will refer to these models as ADET ⋄ T1
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This equation does not contain explicitly the G−1 term, so we can use it both for
invertible and non–invertible incidence matrix. Eq.(34) has a simple solution
Sab(θ) = S˜ab(θ)ϕ
−1
ab (θ) (35)
where ϕ satisfy the relation
ϕab
(
θ + i
π
h
)
ϕab
(
θ − iπ
h
)
= S˜ab(θ)e
2πδabΘ(θ) (36)
The exponential term with the Θ function means that ϕ has a single pole in θ = iπ
h
.
We know that any ADET diagonal S matrix can always be put in the form [7, 8, 9]
S˜ab(θ) =
∏
α∈A
fα− 1
h
(θ)fα+ 1
h
(θ) , (37)
where A is a set of rational numbers with common denominator h. So ϕ (36) is
expressible in terms of such blocks
ϕab(θ) = ±
∏
α∈A
fα(θ). (38)
The ambiguity in the sign in (38) in the following is fixed by imposing the fermion-
like statistic of the system. Of course, when G is invertible ϕ must have the form:
ϕab = ±
∏
c
(S˜ac)
G−1
bc (39)
Using this prescription the TBA equation and the Y-system can be put in a universal
form like (33) and (22) where now G and h are respectively the incidence matrix
and the Coxeter number of the corresponding ADET theory.The standard TBA
central charge calculation gives
c˜UV = r
(
1− h
h + 3
)
(40)
where h and r are the Coxeter number and the rank of G respectively. The dimension
of the perturbing operator can be easily deduced from the periodicity of the Y-
system:
Ya (θ + iπP ) = Ya¯(θ) , P =
h+ 3
h
(41)
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In (41) a¯ denotes the antiparticle of a and if the diagram does not possess any Z2
symmetry a¯ = a.
We note from 40 that the models denoted as T1 ⋄T1, A1 ⋄T1 , T2 ⋄T1 and E8 ⋄T1
have central charge less than 1, respectively c˜ = 1
2
, 3
5
, 3
4
, 8
11
. Apart from the theory
E8⋄T1 studied above, the case T1⋄T1 is the Ising model perturbed with the thermal
operator Φ1,3 of dimension ∆ =
1
2
. This is in agreement with the S11 = −1 matrix
obtained using eq (39) and with ∆ obtained from the formula ∆ = 1 − 1
P
. The
next, less trivial model is A1 ⋄ T1. The S-matrix for the A1 theory is S˜11 = −1 and
so from (38) and (36) we find for the theory A1 ⋄ T1 :
S11(θ) = f− 1
2
(θ) (42)
and using eqs (24,41) we find ∆ = 1
5
. We identify this model with the minimal
non-unitary theory M3,5 + Φ1,3 proposed in [5] and studied in [6].
Finally we study the theory T2 ⋄ T1. The theory T2 has two particles (it is the
theory called A
(2)
4 in [7])
m1 = m , m2 = m
1 +
√
5
2
(43)
and S-matrix elements:
S˜11(θ) = F 2
5
(θ)
S˜12(θ) = F 1
5
(θ)F 3
5
(θ)
S˜22(θ) = F 4
5
(θ)F 2
5
(θ)
2
(44)
so using (12) it is simple to obtain
S11(θ) = F 2
5
(θ)F− 1
5
(θ)
S12(θ) = F 1
5
(θ)
S22(θ) = F 2
5
(θ)
(45)
and, thanks to (24), ∆ = −1
4
. We identify this model as M3,8 + Φ1,3. The set of
two particle S-matrices is exactly that proposed in [5, 6]
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The remaining G ⋄T1 theories, for G = ADE also have diagonal S-matrix. For h
even, it is not difficult to figure out which are the perturbed CFT’s corresponding
to these S-matrices. They correspond to some non-unitary minimal models for the
WG algebra, namelyMWGh+1,h+3.4 The dimension of the perturbing operator, as given
by eq.(24), identifies it with the Φid,adj field. The problem with h odd is that h+ 1
and h+ 3 are not coprime.
This suggests an even more general identification of magnonic TBA’s of the form
denoted in [10] by (G ⋄ Tk)l, with the non-unitary coset models of effective central
charge
c˜UV =
dl
l + h
(
1− l(l + h)
p(p+ 2l)
)
(46)
where d = dim G and p = h + 1, h + 2, .... The UV limit is then described by the
models Gk ⊗Gl/Gk+l with k = p2 − h. For l = 1 the series of UV models is the WG-
minimal MWGp,p+2. The perturbing operator turns out to be always Φid,id,adj as usual.
Although these models have non-diagonal S-matrices, their TBA, here conjectured,
can give information on the structure of the RG flow of the model off-criticality.
To conclude, we have found a class of diagonal S-matrices related to ADE Lie
algebras, definitely different from those studied in [7], that describe the perturbation
of certain minimal models of W -algebras. Further, we conjecture about a possible
extension of the TBA related to this models, to include magnonic structures and
allow entire classes of non unitary theories to be followed along their RG flows.
We would like to emphasize that all these results have been possible thanks to the
high level of sophistication the TBA technique has recently reached, and this is
undoubtedly due to its deep and intriguing link with the theory of simply-laced Lie
algebras and their Dynkin diagrams first stressed in [4] and pursued in [11, 12, 10].
This observation not only allows an elegant systematization of known results, but
also provides a powerful tool for the study of the still mysterious structure of the
RG space of actions in two dimensions.
4We denote here the non-unitary minimal models of WG by MWGpq , where, as usual, p and q
are two coprimes.
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